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Recently, we have pointed out that sign-coherent 4-dimensional structures can not 
dominate topological charge fluctuations in QCD vacuum at all scales. Here we 
show that an enhanced lower-dimensional coherence is possible. In pure SU(3) 
lattice gauge theory we find that in a typical equilibrium configuration about 80% 
of space-time points are covered by two oppositely-charged connected structures 
built of elementary 3-dimensional coherent hypercubes. The hypercubes within 
the structure are connected through 2-dimensional common faces. We suggest that 
this coherence is a manifestation of a low-dimensional order present in the QCD 
vacuum. The use of a topological charge density associated with Ginsparg- Wilson 
fermions ("chiral smoothing") is crucial for observing this structure. 



An important aspect of the QCD vacuum structure relates to the local 
patterns in topological charge fluctuations. Phenomena such as a large 77' 
mass, the ^-dependence, and possibly also spontaneous chiral symmetry 
breaking (SxSB) are directly related to these fluctuations. Contrary to the 
situation in the past, the latest developments related to lattice chiral sym- 
metry allow us to study these issues without a bias related to a particular 
model picture. This approach was initiated in Ref. ^ and is based on the use 
of the topological charge density Qx = — tr75 (1 — ^D^^x) associated with 
Ginsparg- Wilson fermions ^. This density (a) satisfies the index theorem 
on the lattice ^, (b) its renormalization properties are analogous to those 
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in the continuum ^, (c) exhibits smoother behavior than the underlying 
gauge fields due to non-ultralocality {"chiral smoothing") and (d) can 
be naturally eigenmode-expanded ^ . 

Due to (d) it is possible to define an effective density ^ encoding the 
topological charge fluctuations up to low-energy scale A, i.e. qi^^ = 
~J2\\\<Aai^ — ^)c^, where = ip^^^^ifi^ is the local chirality of the 
mode with eigenvalue A. Using this framework it was demonstrated un- 
ambiguously that the topological charge fluctuations at low energy are not 
dominated by coherent unit lumps (e.g. instantons), and some interesting 
quantitative information about the typical amounts of charge in the local 
"hot spots" was obtained 

Motivated by (c), we now concentrate on the possibility that ordered 
behavior exists in the full qx containing all fluctuations up to the lattice 
cutoff. Indeed, if one is interested in the fundamental structure in the QCD 
vacuum relevant at all scales, then the full has to be examined. On the 
other hand, this strategy might appear rather futile since in the continuum ^ 
{q{x)q{0)) < , |a;| > , and thus a 4-d coherence associated with objects of 
finite physical size should not be prevalent vaqx ^ ■ However, such arguments 
do not exclude the dominance of an ordered coherent structure carried by 
lower-dimensional manifolds embedded in the 4-d Euclidean space. We 
demonstrate that a long-range coherence of this type exists. 

If physically relevant 4-d coherent structures existed, they could be iden- 
tified by finding all elementary sign-coherent 4-d hypercubes on the lattice 
and determining all connected regions formed by such cubes. Consistency 
of building a 4-d manifold requires that different hypercubes be connected 
through common 3-d faces. We have done such analysis using the over- 
lap operator ® and Wilson gauge action at two lattice spacings (a = 0.110 
fm and a = 0.082 fm). The isolated islands of such coherence were found 
shrinking to mere points in the continuum limit as expected ^. Proceeding 
to the lower-dimensional manifolds, we have applied the same procedure 
using 3-d elementary cubes with structures defined by maximal connected 
regions (cubes connected through 2-d faces). For a given configuration, we 
have found all such structures and ordered them by the number of space- 
time points they contain. The typical (very stable) situation is shown in 
Fig.l (left) where we plot the fraction of total number of space-time points 
taken by a given structure. We also show (right) what happens for the 
same configuration after performing a random permutation of sites. 

We learn that: (i) qx is dominated by two oppositely-charged connected 
coherent structures, covering together about 80% of space-time points (even 
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Figure 1. Connected structures built of 3-d coherent hypercubes (see text). 



after the continuum limit extrapolation), (ii) The random permutation of 
sites destroys this long-distance coherence. We thus conclude that the ob- 
served behavior is a manifestation of an inherent low-dimensional order 
present in a typical snapshot of the QCD vacuum (equilibrium configura- 
tion) and absent in a completely disordered medium. 

Finally, we wish to emphasize the following points. (A) From the lattice 
point of view, the two dominating structures represent 3-d hypersurfaces 
that are intertwined, embedded in the 4-d lattice, and almost filling the 
space-time. However, this is not sufficient to conclude that inside such 
sheets there are 3-d coherent regions of finite physical size surviving the 
continuum limit. The nature and dimensionality of such low-dimensional re- 
gions will be considered elsewhere ^. (B) The use of qx associated with GW 
fermions ( chiral smoothing) is crucial for uncovering this coherent structure. 
Indeed, simple ultralocal (even improved) gauge operators do not appear 
to exhibit such behavior. (C) We speculate that the long-range nature of 
this low-dimensional topological structure might have crucial consequences 
for understanding the mechanism of SxSB in QCD ^. 
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